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A 
Of 

Modal Approach to Dynamics 
‘ Nonlinear Processes 

ROBERT J. FISHER 
Approximate process dynamics of certain nonlinear systems can be esti- 

mated by elementary quadratures using a modal approach. The transient re- 
sponse including quadratic nonlinearities is determined by the eigenvalues, 
eigenvectors, and adjoint eigenvectors of the linearized system equations. The 
only restriction is that the dominant eigenvalue of the linearized system must 
be widely separated from the next slowest mode, Several process models sat- 
isfy this requirement. 

The method is illustrated by application to a fourth-order model of a fluid- 
ized bed. The dynamical response is in agreement with numerical solutions to 
the complete model equations, including estimates of finite regions of stabil- 
ity 
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SCOPE 

The field of process dynamics has been concerned almost 
exclusively with the response of linear systems. This re- 
stricts the analytical understanding of the response of non- 
linear processes to a small region about the steady state 
where a linear approximation can be assumed to be valid. 
There are two difficulties associated with this restriction: 
the analyst has no a priori knowledge of the limits of ap- 
plicability of the linear analysis, and information about 
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process behavior beyond the linear region must be obtained 
by direct numerical simulation. Numerical simulation can 
be tedious for systems of high order and/or with many pa- 
rameters. Numerical simulation is particularly difficult 
when the system time constants are widely spaced. 

This paper describes a procedure by which analytical 
estimates of the dynamics of nonlinear processes can be 
obtained for systems in which the slowest time constant is 
widely separated from the other time constants. The pro- 
cedure is an extension of the method of modal analysis and 
retains the multiple time scales of the full nonlinear proc- 
ess. The only computational information required is obtain- 
able from the structure of the Iinearized system equations. 
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CONCLUSIONS AND SIGNIFICANCE 
The extension of the method of modal analysis to those 

processes to which it is applicable provides a 
useful analytical tool for estimating the limits of lineariza- 
tion, regions of finite stability, and the general transient 

response of the process following finite perturbations. The 
analytical estimates of nonlinear process response have 
been compared quite favorably with detailed (and tedious) 
numerical solutions for a model of a batch catalytic fluid- 
ized bed. 

The field of process dynamics has been concerned al- 
most exclusively with the response of linear systems. This 
restriction is a logical consequence of the general avail- 
ability of analytical tools only for systems of linear dif- 
ferential equations, and it leads to two related difficulties. 
The first is simply that the analyst has no a priori knowl- 
edge of the limits of applicability of the linear analysis. 
The second is that any information about process behavior 
beyond the linear region must be obtained by direct nu- 
merical simulation, which can be tedious for systems of 
high order and/or with many parameters. 

There is a class of lumped parameter process models 
for which analytical estimates ok nonlinear process dynam- 
ics can be readily obtained by extension of the method of 
modal analysis. The requirement for application of this 
method to nonlinear systems is that the first two eigen- 
values of the linearized process model be widely separated. 
This requirement is certainly restrictive, but such systems 
do exist, and in these cases the nonlinear dynamics can be 
estimated using only information required for the linear- 
ized dynamic analysis. 

NONLINEAR MODAL ANALYSIS 

The general procedure for nonlinear modal analysis is 
described in Denn (1975) and follows from work of 
Eckhaus (1965) on the finite-amplitude stability of fluid 
mechanical systems. We consider a process whose dynamics 
about an equilibrium point x = 0 are described by the 
set of differential equations 

i = 1 , 2 ,  ..., N 

In the neighborhood of x = 0, we expand in a Taylor series 
through at least second order in 1x1 to obtain 

Conventional linear process dynamics is concerned with 
the eigenvalues {A,} and eigenvectors {y.} of the matrix 
B, which are defined in terms of the characteristic equation 

N 

j=1 

(3) 
We assume that the eigenvalues are distinct. The eigen- 
vectors are most conveniently normalized to unit magnitude 

N 

i= l  
(4) 

We also need the adjoint set of eigenvectors {nn} defined 
by the characteristic equation 

2 VniBij = AnTnj; i = 1,2, . . . ., N ;  n = 1,2, . . ., N 
i=l  

( 5 )  
The adjoint eigenvectors are orthonormal to the basic 
eigenvectors 

0, n # m  i 1, n = m  
( 6 )  

N 

2 qniyni = 
i=l 

In modal analysis, the dynamical response is recast in 
terms of the temporal modes of the system. The eigenvec- 
tors yn are linearly independent and form a basis in the x 
space, SO the vector x can be expressed as a linear com- 
bination of the {yn} as follows: 

N 

x i ( t )  = 2 An(t)yni (7)  
n = l  

The equivalence between the N components of x and the N 
modal variables An is established through the adjoint sys- 
tem by means of the orthogonality relation, Equation (6) : 

N 

A m ( t )  = 2 xi(t)Tmi ( 8 )  
i= l  

Equation (2) can then be rewritten in terms of the modal 
variable An( t )  by substitution of Equations (3 )  through 
(8) to yield 

with 

Ipnm = 5 CijkTpiynjvmk (10) 
i , j ,k=l  

We now make several assumptions. The first is that the 
eigenvalues A, are all real. This assumption is not critical 
and can be relaxed. Next, we assume that all eigenvalues 
are negative, so that they can be ordered 0 > A1 > A2 > 
. . . . This assumption limits consideration-to steady states 
that are stable to infinitesimal disturbances. We then make 
two critical assumptions. The first is 

lAl/Apl << 1; p = 2,3, . . . , N (11) 

and the second is that the modal functions Ap(t)  are 
roughly ordered in magnitude according to the reciprocals 
of the eigenvalues. It follows from these assumptions 
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(Denn, 1975) that the only term which needs to be re- 
tained in the double summation in Equation (9)  is the one 
corresponding to n = m = 1, which effectively uncouples 
the equations: 

An analytical solution is then immediately obtainable: 

A I ( ~ )  = & ( 0 )  exp(A1t) 

~ p ( t )  = Ap(0)exp(bt)  + Ipll s,” exp 

[&(t - ~ ) ] A 1 ~ ( r ) d r ;  p = 2,3,  . . . , N (14) 
The initial conditions A ( 0 )  are computed from x(0) by 
means of Equation (8), and the state variables x ( t )  are 
recovered from Equations (13) and (14) by means of 
Equation (7). I t  should be noted that Equations (13) 
and (14) explicitly retain the multiple time scales charac- 
teristic of the original process equations. 

LINEARIZATION AND STABILITY LIMITS 

Equations (12) to (14) provide an explicit estimate 
of the range of validity of a linearized dynamical analysis. 
The linear terms dominate the equations only as long as 

IAl(0) I << IX1/11111 (15) 

lxi(0)j << lylil I X l / Z l l l j  (16) 

Since the first mode dominates the response we take ]A\  = 
/Al I and, from Equation (7),  obtain 

This condition is somewhat conservative in that it does 
not account for nonzero initial values of other rapidly de- 
caying modes which will extend the range somewhat. 

Equation (13) also provides an estimate of the region 
of stability about the steady state. All deviations from the 
steady state decay as long as A1(O)I111/X1 < 1 and grow 
without bound for A ~ ( O ) I ~ I ~ / A ~  > 1. It then follows from 
Equation (8) that the system is stable for disturbances 
which lie within the half space 

Terms through third order in Equation (2)  would be 
required to provide a good estimate of a closed region of 
stability; the expansion is commonly carried out to third 
order tor problems in fluid mechanics (Denn, 1975; Eck- 
hus, 1965). 

APPLICATION: FLUIDIZED BED 

The technique for estimating nonlinear dynamics can be 
illustrated with an example of a model of a batch catalytic 
fluidized bed studied by Luss and Amundson (1968). The 
physical assumptions are given in the original paper and 
are not repeated here. The system equations are 

( 1 8 ~ )  dPP A- = H , ( P  - Pp) - HgKkPp  
dr 

dTP C -  = H T ( T  - Tp) + HTFKkP, (18d) dr 

k = k ,  exp( -hE/RT,) (18e) 
Here P and T denote the gas partial pressure and tempera- 
ture, respectively; Pp and T p  the partial pressure and tem- 
perature in the catalyst particle; and P, and T, the partial 
pressure and temperature of the entering system. The val- 
ues of the dimensionless parameters used by Luss and 
Amundson and in the present study are given in Table 1, 
and the corresponding steady states are tabulated in 
Table 2. 

Perturbation variables are defined as follows: 

x1 = P - P,  

x3 = P p  - Pps 

XZ = T - Ts 

x4 = Tu - Tps 
(19) 

Here, the subscript s denotes the steady state value. 
A Taylor series expansion of Equations (18) through 
second order then gives 

(Hg  + 1) XI + H g ~ 3  (20a) 
dXl 
dr 
- = -  

H ,  ( T ,  - T,,)AE ( AE - 2RTps) 
2A FR2Tps4 

TABLE 1. DIMENSIONLESS PARAMETERS FOR FLUIDIZED BED, 
FROM LUSS AND AMUNDSON ( 1968 ). 

A = 0.17143 C = 205.7143 
F = 8000 H ,  = 320 

H ,  = 1.6 HT = 266.667 
K = 0.0024 Kk = 0.0006 exp (20.7 - 15 Om/T)  

TABLE 2. STEADY STATE SOLUTIONS TO EQUATIONS (20)  hi^ 
CORKESPONDING EIGENVALUES OF MATRIX B 

Steady state 

1 2 

P 0.09353 
PP 0.09351 
T 690.445 
TP 690.607 
11 -0.006315 

h3 -270.55 
A2 -0.91165 

h4 -2187.2 

0.06705 
0.06694 

758.346 
759.169 
+ 0.005695 - 1.2928 

-270.56 
-2189.5 

3 

0.00682 
0.00653 

912,764 
915.093 
-0.008963 
- 12.563 

-270.56 
-2258.0 
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TABLE 3. BASIC AND ADJOINT EICENVECTORS FOR THE TWO STABLE STEADY STATES 

1 

1.3631 x 
1.3673 x 10-4 

-7.0368 X 10-1 

-7.1052 x 10-1 
-2.9289 

-5.036 x 10-1 
- 1.4014 

-6.7467 x 10-3 

7.779 x 10-5 
-7.037 x 10-1 

-7.105 x 10-1 
-4.248 X 10+1 

- 7.305 
- 1.406 

7.803 x 10-5 

-6.769 x 10-3 

Mode ( i )  
Steady state L 

2 3 

2.6908 X lo-' 
-6.5183 X lo-' 

2.6915 X 10-I 

3.1738 
3.4307 x 
5.442 x 10-1 
7.102 x 

-6.559 X lo-' 

1.978 x 10-9 
-7.202 x 10-1 

1.907 x 10-9 

4.377 x l o t 1  
2.807 x 10-5 
7.232 
5.559 x 10-3 

-6.933 X 10-1 

The eigenvalues of the matrix B are given in Table 2. It 
is to be noted that the first and third steady states are 
stable, while the second is unstable. Each of the stable 
states satisfies the conditions on the eigenvalues, ]A&] 
<< 1, p 2. The basic and adjoint eigenvectors of B for 
each of the stable steady states are recorded in Table 3. 
The only nonzero elements of C in Equations (20) are 
cBQ4, ceg4, and c444. 

901 

80' 

0 
I- 

I-- 

70 

60 

I I 10.0 
U 0.01 002 0.2 0.4 06 0.8 

-c 
Fig. 1. Approach to the high temperature steady state. Results cor- 
respond to-figure 3 of Luss and Amundson (1968), and the dashed 
line is their reported numerical solution for Pp. Note the change 

in scale on the time axis. 

3.5404 x 10-9 
-9.999 x 10-1 

5.5816 x 10-10 
4.814 x 10-3 

-7.8969 x 10-8 
-9.953 x 10-1 
-2.134 x 10-4 

9.8568 x 10-1 

Steady state 3 

2.925 x 10-8 
-9.999 x 10-1 

4.612 x 10-9 
4.813 x 10-3 

- 1.652 
-9.953 x 10-1 
-4.466 x 10-2 

9.855 x 10-1 

4 

1.690 X 10-1 
-1.385 X 

9.965 X 
8.663 X 10-1 
3.168 x 

-8.6605 x 10-1 
-4.6887 X lo-' 

-9.8562 X lo-' 

1.597 x 10-1 

1.973 x 10-1 
8.598 x 10-1 
2.509 x 

-2.646 X 
-9.669 X 10-1 

-8.922 X 10-1 
-3.849 X lop6 

Luss and Amundson obtained numerical solutions of the 
full nonlinear equations for a number of initial conditions. 
They encountered numerical difficulties because of the 
extremely small step size required for numerical stability, 
and they ultimately adopted a procedure of setting P,, 
and P equal when they approached to within 1% of one 
another. We have solved the same cases using eigenvalues 
and eigenvectors of the B matrix and the analytical solu- 

9oc 

8 oc 

0 
I- 

+- 

70C 

60( 

0.01 

TP f 

00 coo1 0.002 1000 1500 1.0 2.0 500 

-c 
Fig. 2 Approach to the low temperature steady state. Results car- 
respond to Figure 4 of Luss and Amundson (1968). Note the two 
changes in scale on the time axis and the different initial time scales 

for temperatures and pressures. 

Page 522 May, 1978 AlChE Journal (Vol. 24, No. 3) 



n” 

0.09 - 

0.08 - 

0.07 - 

0.06 - 

0’05: 0.04 1 
0.03 

0 0.001 0.002 1.0 2.0 500 1000 1500 

T 
Fig. 3. Particle temperature for conditions in Figure 2; comparison 
of approximate onalytical solution to numerical results of Luss and 

Amundson (1968) and Aiken and Lapidus (1974). 

tions embodied in Equations (7 ) ,  ( 13), and ( 14). Figure 
1 shows results for a case in which the particles are ini- 
tially at the temperature of the third steady state but in 
which there are large deviations in gas temperatures and 
in both partial pressures. This case corresponds to Figure 3 
of Luss and Amundson, and the dashed line is their re- 
ported numerical solution for Pp.  The results are almost 
identical, and the same is true for the other curves in the 
figure. Note that the multiple time scales in the process are 
retained in the analytical solution. 

Figure 2 shows results for a case in which the particles 
are initially 0.1 units below the second (unstable) steady 
state temperature. This case corresponds to Luss and 
Amundson’s Figure 4, and the analytical solution differs 
only slightly from their numerical calculation. The only 
deviation observable on this scale is in Pp; this is shown in 
Figure 3, together with a numerical solution by Aiken 
and Lapidus (1974) using the highly accurate Gear 
method for stiff systems of differential equations. The 
transient response in this example is quite slow, and we 
note that here, too, the multiple time scales have been 
properly accounted for by the approximate analytical solu- 
tion. 

The linearization limits computed from Equation (16) 
give essentially the same results for gas and particle prop- 
erties. About steady state one, we have hJI111 = -119.8 
and IxI(O)I, I Q ( O ) I  << 0.016, I x z ( O ) I ,  I x ~ C O ) ~  << 85. 
About steady state three, hl/IIl1 = 14.3, and the lineariza- 
tionlimitsare Ixl(0)l, 1~, (0)1  << 0.0011, Ixz(o)I, [ X q ( o ) (  

<< 10. The calculations in Figures 1 and 2 are both 
initially within a region where nonlinear terms are im- 
portant. 

The stability estimate about the low temperature steady 
state from Equation (17) is 

2.09x1 + O.OO48Xz + 0.36~3 + ~4 A 85.46 (21) 

Perturbations in the gas temperature ( xZ) are unimportant 
relative to the solid temperature (x4) because oh the rapid 
equilibration, and pressure perturbations are also generally 
unimportant because of the relative magnitudes of tem- 
peratures and pressures. This stability estimate is consistent 

with the behavior of the full nonlinear system, in which 
the upper or lower steady state is approached depending 
on whether the solid temperature is above or below that 
of the unstable middle steady state. The estimate of the al- 
lowed perturbation is a bit high, however, since the middle 
steady state corresponds to a value of 68.82 for the linear 
combination in Equation (21). 

The stability estimate about the high temperature steady 
state is 

30.21~1 + 0.0048~2 + 5.20~3 + ~4 -10.18 (22) 

The dominant role of the particle temperature in deter- 
mining stability is again made clear, though the estimate 
is a very conservative one. The intermediate steady state 
corresponds to a value of -154.53 for the linear com- 
bination in Equation (22).  

CONCLUSION 

The approximate procedure described here is a powerful 
one for those systems whose linear responses are dominated 
by a single slow mode. Within the constraints imposed 
by the stability estimate, the method gives an accurate 
analytical estimate of the dynamical response, including all 
relevant time scales, as well as providing a self-consistent 
estimate of the limits of a linearized analysis and finite 
stability regions. 

NOTATION 

A = coefficient in fluidized-bed model 
Ap( t )  = modal variable 
Bij = coefficient of linear terms of f i  
C = coefficient in fluidized-bed model 
Cijk = coefficients of quadratic terms in f i  
AE = activation energy 
F = coefficient in fluidized-bed model 
f, f i  = rateof change of X , X ~  
H,, Hw, H T  = coefficients in fluidized-bed model 
Ipnm = coefficients defined by Equation (10) 
K = coefficient in fluidized-bed model 
k = reactionrate 
k, = preexponential factor 
P = pressure 
R = gasconstant 
T = temperature 
t = t i m e  
x, = state variables 
yn, yni = eigenvectors of Bij 

vni 
Xn = eigenvalues of Bij 
7 = dimensionless time 

Subscripts 
e = entering 
p = particle 
s = steady state 

= adjoint eigenvectors of Bij 
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